We present a calculation of the twist-3 T-odd chiral-even fragmentation functions G ⊥ andG ⊥ using a spectator model. We consider the effect gluon exchange to calculate all necessary oneloop diagrams for the quark-quark and quark-gluon-quark correlation functions. We find that the gluon loops corrections generate non-zero contribution to these two fragmentation function. We numerically calculate their half-kT moments by integrating over the transverse momentum and also verify the equation of motion relation among G ⊥ ,G ⊥ and the Collins function.
also been applied to calculate the Collins functions of pion and kaon [31] [32] [33] [34] [35] [36] , as well as the the twist-3 fragmentation functionsH(z, k 2 T ) and H(z, k 2 T ).
II. MODEL CALCULATION OF G
⊥ ANDG
⊥
For the TMD fragmentation functions, one can define the following quark-quark correlation function [20] : .
where the light-cone coordinates a ± = a · n ± = (a 0 ± a 3 )/ √ 2 have been applied, k and P h denote the momenta of the parent quark and produced hadron, respectively, and k − = P − h /z. The notation U c (a,b) represents the Wilson line (gauge link) running along the direction from a to b at the fixed position c. The detailed discussion on the Wilson line U has been given in Ref. [36] . In the rest of this paper, we will utilize the Feynman gauge, in which the transverse gauge links U ξT and U 0T can be neglected [37, 38] . Up to the twist-3 level, the fragmentation correlation function for a spinless hadron can be parameterized as
As one can see, there are two T-odd fragmentation functions at twist-3. One is H(z, k 2 T ), which has been studied in Ref. [18] (its collinear version H(z) has also been studied in Ref. [39] ). The other is the fragmentation function G ⊥ . Similar to the T-odd distribution function g ⊥ , G ⊥ appears in the parametrization in Eq. (2) because the direction of the Wilson line (e.g., n + in SIDIS) provides a vector independent of P h and k for a Lorentz invariant decomposition of the correlator ∆(k) [40, 41] . Specifically, G ⊥ is associated with the correlation
can be projected from the following trace
As is well known, the tree level calculation yields vanishing contributions to G ⊥ , since the T-odd fragmentation functions are contributed by the imaginary part of the scattering amplitude [35] . Therefore one has to consider the diagrams at the loop level. In this paper, we will take into account the contribution of gluon rescattering at the one loop order, which is also essential to ensure the color gauge invariance of fragmentation functions. The calculation of the fragmentation function G ⊥ in the spectator model is analogous to the previous calculations of the Collins function [35, 36] and the twist-3 fragmentation function H [18] . In principle, there are four different diagrams (and their hermitian conjugates) may give rise to G ⊥ , as shown in Fig. 1 . However, in our case we find that the contributions from the self-energy diagram (Fig. 1a) and the quark-meson vertex diagram (Fig. 1b) vanish. while the last two diagrams, the hard scattering vertex (Fig. 1c) diagram and box diagram (Fig. 1d) , generate nonzero contributions. In details, when we performed the trace in Eq. (3) using the correlator from Fig.1a or Fig. 1b , we obtain only one term which is proportional to ǫ αµνρ k µ l ν P hρ , with l the loop momentum. After the integration over l is carried out, this term cannot give a contribution because of the property of the antisymmetric tensor ǫ (see also Eq. (26)). This is different from the calculation of the twist-3 chiral-odd fragmentation function H for which Fig.1a and Fig. 1b give nonzero results. The reason is that the Dirac structure (σ αβ γ 5 ) associated with the fragmentation function H is more complicated the one associated with G ⊥ , so that there are more terms appear besides the one proportional to ǫ αµνρ k µ l ν P hρ after the trace is performed. Using the spectator model, for the case of quark fragmenting into a pseudoscalar meson, we can write the expressions of the correlator contributed by Fig. 1c and 1d as : 
where g qh is the coupling of the quark-hadron vertex, m and m s represent the masses of the initial quark and the spectator quark, respectively. Here m s is not constrained to be equal to m, following the choice in Refs. [18, 36] . In Eqs. (4) and (5) we have applied the Feynman rule 1/(−l − ± iε) for the eikonal propagator, as well as that for the vertex between the eikonal line and the gluon. Note that the sign of the factor iε in the eikonal propagator is different for SIDIS (+) and e + e − annihilation (−). However, this will not affect the calculation of the fragmentation function G ⊥ , which is similar to the case of the Collins function [42, 43] and the twist-3 fragmentation function H.
To obtain the imaginary part of the correlator, we utilize the Cutkosky cut rule to put the gluon and quark lines on the mass shell. This corresponds to the following replacements on the propagators by using the Dirac delta functions
The other combinations (cutting through the eikonal line or the spectator line) yield zero contributions, as shown in Refs. [18, 44] . Moreover, using the Cutkosky cut rule may also avoid dealing with the issue of renormalization [31, 32] . Using the cut rules in Eq. ( 6), we perform the integration over the loop momentum l and arrive at the following schematic form for
where the two terms G 
Here
h /z, and C, D and E denote the following functions
which originate from the integration
The functions I i in the above equations are defined as [35] 
, and I 34 is the linear combination of I 3 and I 4 ,
As one can see, the two terms G
are separately divergent, due to the appearance of I 3 and I 4 in their expressions. However, their sum is eventually finite. Therefore,
is free of light-cone divergences in the spectator model calculation. This is different from the calculation of the distribution function g ⊥ [45] , for which a light-cone divergence arises. We note that the reason of this distinction is that the kinematical configuration responsible for the nonzero T-odd fragmentation functions is different from that for the T-odd distribution functions. Finally, we arrive at the result of
In the following, we present the calculation of the fragmentation functionG ⊥ (z, k 2 T ), which can be projected from the following trace [20] :
where∆ α A (z, k T ) denotes the twist-3 quark-gluon-quark correlator for fragmentation, which is defined as [9, 20] :
Here F µν is the antisymmetric field strength tensor of the gluon. The diagram used to calculate the fragmentation functionG ⊥ in the spectator model is shown in Fig. 2 . The left and right hand sides of Fig. 2 correspond to the quarkhadron vertex P h ; X|ψ(0)|0 and the vertex containing gluon rescattering 0|igF −α ⊥ (η + )ψ(ξ + )|P h ; X , respectively. The expressions for these vertices in the spectator model can be easily obtained. After considering all these ingredients, we can write down the expression of the quark-gluon-quark correlator Fig. 2 .
Similar to G ⊥ , the contribution to T-odd fragmentation functionG ⊥ also originates from the imaginary part of the one-loop diagram [31] . Again, we can obtain the imaginary part by applying the Cutkosky cut rule and integrating over the internal momentum l, similar to the fragmentation function G ⊥ . In fact, we consider every possible cuts on the propagators appearing in Fig. 2 . However, we find that only the cut on the gluon line and the fragmenting quark survive after the replacement in Eq. (6) , and the other choices are kinematically forbidden or cancel out each other [18] .
Therefore, we apply again the cut rules given in Eq. (6) to calculate the fragmentation functionG ⊥ . After performing the integration over loop momentum l, the final result forG ⊥ is led tõ
where A and B denote the following functions
which appear in the decomposition of the integral
In principle, in calculatingG ⊥ , one could also consider a diagram where the upper vertex of the gluon in Fig. 2 attaches to the quark leg on the r.h.s. (the one with momentum k − l). In an explicit calculation we obtain the following result from this diagram
Using the decomposition of the integral (F and G are the scalar functions of k, n + and m)
one can conclude that Eq. (27) should give zero contribution toG ⊥ . 
